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A Limitations

In this section we describe some of the primary limitations of our work. First, this paper focuses on
the simple setting of isotropic Gaussian data. Extending both the information leap and generative leap
to more complicated data distributions is left to future work. Next, we focus on deriving estimators
that work with minimal information about the multi-index model P, and which succeed with the
optimal sample complexity in the ambient dimension d. As a result, our sample complexity guarantees
scale with constants C'(P) which could potentially be exponentially large in the hidden dimension .
Finally, we focus primarily on subspace estimation, as it is a requirement for full end-to-end learning.

B Proofs of Section

Proof of Lemmal This is a direct generalization of [Damian et al.,|2024a, Lemma D.1]. The k-th
Hermite expansion of the likelihood ratio, viewed as a function of the label Y, is directly

Be, | e (Zs: Vo) Z6)I¥s | = Belhs(Z6)]s] = Gus. ®

and thus, in L?(Pg), we have

dP

E(zsyys) = %:(Ck,s(ys%thS) : (M
|
Proof of Lemma[2] By orthogonality of Hermite polynomials:
2 dp 2
C(PIPs) = By | G- (X YP| — 1= Y Bz, [IG(YV: 25)I] = 30 (S
k>1 k>1
|

Proof of Proposition[I] The first statement follows immediately from the definition. To prove[3} we
need to show that k* < max; k(R;, R;1) for any flag F. Let S the subspace associated with the

generative leap k*, and let j’ be the largest index such that R; C S.

We claim that for any k and any pair of subspaces T C T, we have span(Ax(T)) C T' U
span(Ay(T")). Indeed, writing Y’ € T" as Y’ = (Y,Y) withY € Tand Y € T\ T, we have
G (Y) = Eg G (Y,Y) when restricted to (77)* (a subset of 7). Now, suppose towards contra-
diction that ks = k(Rj/, Rjr4+1) < k*. Since Rj» C S, we have span(A;(R;/)) C S Uspan(A(S))
for k < k.. But from the definition of k* we have span(Ax(S)) = 0 for k < ks, which implies that
Ry C S which is a contradiction.

Proof of Proposition[2] The proof is an extension of [Damian et al.| 2024al Prop 2.6]. To prove
k(S)[P] < infrerep,,) {(S)[(Id. ® Ty)#P] . consider k < k(S) and any 7 € L?(P;). We have
E [T(Y, Zs)hy(Zs)|Zs| = By (E[T(Y, Zs)hi(Zs)|Y, Zs]) = Ey (T (Ys)Cr,s(Ys)) =0, (8)

since (x,s = 0. To prove k(S)[P] > infrer2p,, 1(5)[(Idz ® T5)4P] , consider T = (Cx(s),5)s
where (3 is a multiindex such that (((s),5)s 7 O (this 3 must exist by definition of k(.5)). We verify
that

E(T(Y)Hs(Z)) = Ey [T(Y)(Cr(s), s)ﬁ(y)} ©)
=Ey [|(Cres).s)s(Y)?] > (10)
which shows that Q: k(s),s 7 0 for the model with label transformation 7. |
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Proof of Proposition[3] Consider the flag F' =

span(Ax(S;)) C span(Ay

for k < 1(S;). Indeed, observe that {; 5 = Ey[Y (s s]. As a consequence, from Proposmonl_we

have that k* < max; [(S;) = I*.

C Proofs of Section

Proof of Theorem[I] Let R
computing the full likelihood ratio:

{0,
information exponent. We claim that (.S}, S;41) < [( ]) for all JjE

]EVV [H;'lzl P [Iu yl]]

R((xlyyl)v"'a(xnayn)) = anl

Then by Lemmal[I] we can expand this as

n

R =Ey H Z<Ck(gi)ahk(v~vai)>

i=1 \ k>0

We will isolate the low degree part with respect to {Z1, ...,
compute this, we need to switch the product and the summation:

R=Ep > 3 (

p=0ki+...+kn=p

‘We note that each term on the right hand side is a polynomial in Z1, ...,
orthogonal to all polynomials of degree less than p. Therefore R<p is given by:

I

D
Rep=Eyw |3, 2,

p=0ki+...+kn=p

We can now use the orthogonality property of Hermite polynomials to compute the norms with

P[l’iwp[%]

HRW xuyz) .

n

=1

L1 @), b, (W 25))

associated with the leap
, or equivalently that

= HZP% denote the likelihood ratio conditioned on W. We begin by

Zn }, which we denote by R<p. To

Z,, of degree p which is

respect to the null distribution Py. If if W, W’ are independent draws from the prior on W then:

D n
IR<DlZ2ep) = B | D D (H B (G (5:) @ Cr, (02), i, (W 2) @ Ty, (W)

| P=0k1+...+kn=p \i=1

i=1

| P=0k1+...+kn=p

For a pair ., 3 of operators where ¥ is PSD, observe that
(%, i:>| < TT{E}HEHOP )

thus

IR<bl2e0) < Ew vy > (

p=0ki+...+kn=p

D n
EVV,W/ Z Z <H<E[Ck1 ® Ckz]’ E[h/% (WT@Z') ® hy, ((VNV/)T‘%

[T Bl (7720 @ i, (7))

i=1

Now, let M = WTW’ € R™". We have the following control on the Hermite correlation term:

Lemma 5.

B (V" 7) @ hk((W’)Ta‘r)]Hop = [17MlG, -

15
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Let z be a random variable with distribution ||TW T 1’|, where W, W' are drawn independently from
the uniform prior on W, and let P<p be the projection operator onto polynomials of degree at most

D in z. Note that z is subgaussian satisfying P (b\/g <z<aq é) <1-—¢b— Ere_“z/‘1 for

explicit constants c,, ¢,; see eg [Bietti et al., 2023, Lemma 3.14]. Then we can upper bound the
above expression as:

2
”RSD”LQ(PO) < Ez PSD ZAizk
k>0

By linearity of expectation and of the projection operator P< p, we can expand this using the binomial
theorem:
J

n
IR<pl 72z <D <J) E|P<p || D A

=0 k>k*

We can further upper bound this expression by using that A2 < (”ﬁ_l) (Lemma . Plugging this
in for k > k* gives:

J

[D/k]
n
||RSD||3,2(IP>O) -13 (j) E. |P<p Z Erizk

j=1 k>k*

[D/k] n . . '

< (j) E. [Pep (k)02 (1 - 2)797]]

j=1

|D/k*

S ZIJ BICTAEI

where the last line follows from Lemma E Finally, since z is ©(y/1/d)-subgaussian, we have
E[7%] S (K /d)F /2.
Now, if n = O(d*"/2=7) with v > 0 and D = O((log d)?), we have
) |D/k*] n - .
R<pllz2@y) — 13 Z (]) [(k*)a(r— )(jk:*/d)ﬂk /2}
j=1
S /K =D/ (D) D12

~

_ k*(rfl)D/k* (D)D/Q(nuk*dq/z)D

= Od(l) .
|

Proof of Lemma[3] Let M € R *4" be the matrix representation of E[h, (W T2) @ hy (W) z)].
Let Hj, C L?(R",~) be the space spanned by harmonics of degree k. Observe that for f, f € Hy,

f =512k cohss [ =352k Cahs with cg = (f, hg), &5 = (f, hg) we have
CTM& = <PWfa PW’f>’Yd ) (12)

where Py f(z) = f(W Tx). We deduce that M is the ‘averaging operator’ A, from [Bietti et al.,
2023, Definition 1.1], restricted at harmonic k. From the SVD of M = UAV T, we have [Bietti et al.,
2023|, Corollary 2.8] that

M= Y NHyU)® H(V), (13)
|B|=Fk
with A% = II; )\fj. We thus conclude that ||M||o, = AE = || M]|*. [ ]
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ss5 Lemma 6. Let z = |W T W/||op, where W, W' are drawn iid from the Haar measure of S(r,d).
ss6  Then, for 1,1 < d/4, we have

E, [zl(l - z)ﬂ <E. [#] . (14)

ss7  Proof. The proof is adapted from [Damian et al., 2023, Lemma 26] to the r > 1 setting. From [Bietti
ss8 et al., 2023, Eq (197)], the joint distribution of singular values 0 < A\, < A\,._1--- < Ay of M is
559 given by
Pra(i,. o) = Zg [JOF =) I =a)“@2r D210 <A, <o <A < 1), (19)
i<y i=1

se0  with Z, 4 = F}ﬂ(;ff) F7-1£(T‘i(;/rg)/2), We have

E (zl(l _ z)—f) - /)\ll(l D) PraOh, . AN N, (16)
st From A\; < 1wehave 1 — A2 <2(1— A;)so(1— )\1)4— < 2[(1 - )\%)*i, thus
E (zl(l - z)*f) < 2f/All(1 A gy A)dAL L d (17)
—9 Zrd/Al [10Z =2 [t - A3 21220210 < A, < - < Ay < 1)y ... dA,
i<j i=1
(18)
~Zr -2 -
— 2 Z’id” E:[#], (19)
sz where Z is the largest singular value of M = W W' with W, W’ € S(r,d — 2]). For d > 1, we
s63  thus conclude that E (zl(l — z)’l) <E.[2Y. |

ss« D Proofs of Section@

ses Lemma 3. If K is integrally strictly positive deﬁnite,E] there exist ¢(P, K),C(P, K) > 0 independent
66 of d such that if S := (U*) Tspan[Ay] denotes the subspace corresponding to the next leap then

s67  Proof. Let K be the kernel operator:
(KN)(y) = Ex [K(Y, ) f(y)].
see  Using that (E[hy,(X)|Y],v®%) = (i (Y),u®*) where u = U*v € R”, we have that for any v:
v EMyuv = u'E[Matq 1[G (Y)] Mat x—1)[Ge (V)] TK (Y, Y")]u
= (G ()[u], K¢ () [u]) -
ses  First, because K (y,y) < 1 we have that [|K[,, < 1 so this is upper bounded by
Ey (|G [lI” < AF flull®.

s70 Therefore E M, < C(P, K)Ilg with C(P,K) = A?. Next, let v € S with |[v]| = 1 so that
st (.(Y)[v] # 0 € L?(P,). Then because K is injective we have that

c(v) = (G (o], KCr(-)[v]) > 0.
sz Therefore by compactness, if C(P, K') denotes the minimum value of ¢(v) over the unit vectors in
573 S, we have that C'(P, K') > 0. In addition we have that E M,, = C(P, K)IIs which completes the
574 proof. ]

SWe say that K is integrally strictly positive definite if for all finite non-zero signed Borel measures i,
J K (z,y)du(x)du(y) > 0. We remark that many commonly used kernels, including the RBF and Laplacian
kernels, satisfy this assumption [Sriperumbudur et al.; 2010].
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Theorem 2. Let K be a PSD kernel with K (y,y) < 1 for all y. Then if n > d polylog(1/§) we
have with probability at least 1 — 9,

dk/? d
|Un —EUn|| Sk — + Wﬂ/ﬁ
n n

Proof. Note that by the standard decoupling argument (de la Pefia and Giné [[1999] Theorem 3.4.1]),
it suffices to control the tails of the decoupled U-statistic:

M, = QZOé ) K (yi, yj)

where {(z},y})}7, are an i.i.d. copy of {(z;, y;)}7—,. We will begin by applymg Corollary[wuh
respect to the randomness in {(xs,y:)} 14, treating the replicas {(z}, y;)}?_, as fixed. Define

Z O K (Y. y;)
so that

My = =3 SVilw) =5 Y 2

Note that if Z = Z;,
2
1Z12, <1215 = (6(X) e, Vi (V) e;)” .

i,J

Taking p/2 norms and using Lemma|§| gives for p > rlogr:

(1.,

2
=z,
< X [fouxen i),
= D[ en Vi) e,
2,7
Ser SV el I,
3

<pha vy

|op %

Next we will compute 0, (Z):

7= i [(omuviono)’] s vy

|op 4

by the same argument as above. Therefore applying Corollary |2| gives that for p < d°,

d

H”Mn_EMnllop 2p ’I'L-

|op

S [ivaer
p

Now let £’ denote the expectation with respect to the replicas {(z;,y;)}7;. Then by Corollary
1/p 1
P d 2p\ 2 [d
= (B E Vi) \[ :
) \/; (BvE VM) 7y 5

V)l < [E V)| +IV(Y) —EV(Y)].

E'E|U~EU|?)" < (E Wi,

Now we decompose:
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Because |K (Y, y;)| < 1, we can use Lemmaand a standard symmetrization argument to show that

the second term has p-norms bounded by O(1/max(d, d*—1)/n) for p < d°. For the first term we
have

[E' V)|, < [E V)|, = By GOV E YY) < By [[1G(Y)17] < 72,

Combining everything and applying Markov’s inequality gives that with probability at least 1 —
poly(n)e~",

~

op ~ n n n

d,d*=1)| [d _ d"/? d
1Un ~ E U <[rk/2+ max(n)] s L2y

Lemma 4. [f the kernel K is L-Lipschitz, then there exists a constant C'(P, K) such that the map
S > EUY is C(P, K) L-Lipschitz in operator norm.

Proof. Let Z(Y; X) := Mat(y )[Cx(Y; Xsus)]. Then,

H]E U —EUS)

o= Bxy 20 X) 275 X TE(Y, X))
where

E(Y,X):=K(Y,Xs), (Y, X)) — K(Y,Xgs), (Y, X5)).
Note that

E(Y,X) < L\/IIXS — X/ + | X5 — Xg||* < 2d(S, ') Lmax(| X[, | X"]).
Then by Holder’s inequality,
HE U —EUS)

|, < N2 0l 1B X1,

< 2(3r)*\/rLd(S, S")
<p r**1Ld(S, ).
|
Theorem 3. For any multi-index model P, there exists a constant C(P, K) independent of d such
thatif n > C(P, K) [g + 6% + d polylog(})| then the output S C R? ofAlgorithmEsatisﬁes
d(S,span[(U*)"]) < e with probability at least 1 — 6.

Proof. Recall the leap decomposition F = {) = S§ € ST C --- € S; = R"}. We will prove by
induction that for any € > 0, there exists a constant C'(P, K) such that the output .S; of Algorithm
at step i satisfies d(S;, (U*)T'S¥) with high probability whenever

k)2
S
€ €

Note that for ¢ = 1 the result is implied directly by Corollary[I] Now assume the result for 7 > 1. By
Lemma[3]

S*
v C(P, K)H(U*)TSI»+1~

k/2 /
51@ L+Tk/2 g
op n n

<p PP Lox d(S;, (U*)TS5).

op

E UTSU* ) T
In addition we have by Theorem 2]

HUT(LSi) i o) U7(lSz')

Finally by Lemma 4]
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Putting it all together we have that:

. dk/2 d
HU<S oS <, -+ r’“/Z\/;+ P Lod(S;, (U)TS)).

In addition, by the induction hypothesis, d(S;, (U*)TS¥) < C(P, K) [d’;p + rk/2 \/g] . Therefore,

k/2
(P, K) [d - rk/?\/g
n n

and the result again follows from the Davis-Kahan inequality. ]

*\T g*
o -2

D.1 Auxiliary Lemmas for Concentration

We will start with this simple inequality on the Frobenius norm of a Hermite tensor:
Lemma 7. |[h(X)| - i [ X" + /2.

Proof. We will use the identity:
1

hk(X):ﬁ

Ezno,r)[(X + iW)®H].
Therefore,

1 (X) 17 = QEZ 2 (X +i2) - (X +iZ")"]

_ k—IEJZ_Z, ((XI? = 2 2/ +iX - (Z+ Z))"]

Rl
<

X 4 B 12 21+ B X -2+ 2
X1 =74
<o X+ a2,

We can use this to concentrate sums of Y .-, ¢;¢(x;) in operator norm:

Lemma 8. There exists an absolute constant Cy, such that if n = d'*¢ with ¢ > 0 and for any
constants ¢; with |c;| < 1 and p = d° where ¢ = min(1, ¢/4),

p 1P

< C

n

%ZCM(%’)

i=1

max(d, dF—1)
—

E

op

Proof. Note that for k = 1, 2 this follows from the standard bounds for a Gaussian covariance matrix
(k = 2) and the norm of a Gaussian vector (k = 1). Therefore we will assume &k > 2. We will begin
by computing 0. (¢):

o) = sup E[(uT¢v)?] = E (veclhy(X)], veclu @ v])* < 1.

lull=llvfl=1

Next, [|6l,, < [0l Sk |1 X||¥ + d¥/4. Therefore the p-norms of 16, are bounded by d*/? for
any p < d. Plugging this into Lemma 12| gives that for p < d,

1 k1 dk/2\ 3 g g1\ /3 dk/2
LS| || < H(50) (5) weet
n — n n n n
- p
Plugging in p = d° gives that the second and third terms are dominated by the first which completes
the proof. |

20



630
631

633
634

635

636

637
638

639

640

641

642

643

644
645
646

647

648

649
650

651

652
653

We will also use the following simple lemma:

Lemma 9. Let (X,Y) follow a Gaussian single index model with hidden dimension r. Then for any
k-tensor-valued random variable F(Y'),

()OO, < 2= 0% (7 F7) T POl

Proof. Without loss of generality we can assume p is even. Now (hy(X), f(Y))? is a polynomial of
degree kp in X. Therefore by Lemma|l5]

E (hy(X), F(Y))” < \/E 0. P (") < - 1)"'2”\/ (") mr ipor.

Taking pth roots gives:

(ki (X), PV, < (20— 1)} ( t’w) TP el -
|

Lemma 10 (Gaussian hypercontractivity). Let f be a polynomial of degree k and let X ~ N (0, I).
Then forp > 2,

Ex[|f(OFP? < (p = )P Ex[F(X)?).
Lemma 11. Let X,Y be random variables with ||Y]|,, < Bp*/? for

, 1 X,
p = min 2,~10g< .
< k X[l

E[XY] < |[X]l, - B - (ep)*/.

Then,

For any mean zero random matrix Y we define:
o(Y) :==max ([EYY ]|, |[E}Y TY]|,)

0,(Y):= sup E[(u'Yv)}
llull=[lv]|=1

For non-centered matrices, we define 0(Y) := o(Y —EY) and 0, (Y) := 0. (Y —EY).
We will rely on the following simple corollary of Brailovskaya and van Handel| [2023} Theorem 2.6]:

1/2

Lemma 12. Let Y = > | Z; where Z; are mean zero independent random matrices. Assume that
Sforalli, P[|| Z;|| > R] < 0. Then there exists an absolute constant C such that for any t > 0, with
probability at least 1 — nd — de™t,

IV < Clo(¥) +ou (V)2 + RY3a (V)32 + Ru.

Proof. Define Z; := Zi1z,),<r and let Y := 3" | Z;. Then,
oY) =n'%0(2) <n'?c(Z) = o(Y)

and similarly for o,. In addition, by definition, HZH < R. Therefore, by [Brailovskaya and van

Handel, 2024, Theorem 2.6] and [Bandeira et al., 2023, Lemma 4.10], there exists a constant C' such
that for any ¢ > 0, with probability at least 1 — de™¢,

HY/ — ]ES}H < C|:O'(Y) + U*(Y)t1/2 4 RI/SU(Y)2/3t2/3 + Rt|.

Next, note that

HEY—E?

op

ZJE[ZJHZiH?R] < Zo*(Zi)\/g < 0. (Y)Vné.

Now if § > 1/n, then 1 —nd < 0 so the result is trivially true. Otherwise, || EY —EY|,, < 0.(Y).
Finally, as Y = Y on the event that max; || Z;|| < R, a union bound completes the proof. [ ]
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We will use the following simple lemmas about o, 0:
Lemma 13. For any random matrix A € R?*, 0(A)? < max(d, s)o.(A)>2.

Proof. Without loss of generality we can assume E[A] = 0. Expanding the definition gives:

K

o(A)? = max (HE[AAT]

E[AT A]|)).

First,

HE[AAT]H = sup E[v' AATv] = sup E {HATUHQ} = sup ZE [(eiTATv)Q] < 50,(A)2.
lvll=1 llvll=1 lvll=1%=4

Performing the same calculation for AT in place of A gives that |E[AAT]|| < do.(A)?. Combining
these inequalities gives the desired result. |

Corollary 2. LetY = %L Zf\il Z; where Z; € R¥? are mean zero independent random matrices.
Assume that for some R, k, ZiHOP < Rt*/? with probability at least 1 — e~ for all t > 0. Then if
n = d"* with e > 0 and ¢ = min(1, 55), then for all p < d°,

1/p R d
p < - e
E [||Y||Op} C max (U*(Z), ) o

where C'is an absolute constant.

Proof. First by a union bound, we have that max; || Z;||, < Rt* with probability at least 1 — ne ™.
Substituting this and Lemma[ﬁ] into Lemma[Q] gives that with probability at least 1 — 2ne™¢,

k/2N 1/3 1/3 ki1
/d+t+<dt/) <d> s, A8 ]
n n n n

We can factorize this by pulling out the y/d/n and using n > d'*<:

R d /2 g s
< i Y .
Vs Cmax (U*(Z)’ d>\/;[1 tar T T

We can convert this to an p-norm bound for p > logn

E[|Y[["1/? < Cmax (a*<Z>, 5) \/z 1

Now if p = d° where ¢ = min(1, %) then the error terms are all less than 1 so we are done. W

V) < Cmax (.(2), )

ti s+ +

di/2 ds ns

p1/2 p’“g4 ng]

Lemma 14. For any p > 2,

IRl < (0= DF(H < (0= D)™

Proof. By Jensen’s inequality and Gaussian hypercontractivity we have
2
NEHer(2) Y pll, < EllHer(2)|5]"?
< (0= D)"E|Hex(2)||7

k—1
z(p—l)kk!(r—’— )
k
Dividing by k! to revert to the normalized Hermite polynomials {hj } completes the proof. [ |

We will now bound the low-degree density ratio between the joint distribution of (X,Y") and the null
distribution Py := Px ® Py:
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Lemma 15. Let Py := Px ® Py be the null distribution and let P<p denote the orthogonal
projection onto polynomials in X of degree at most D. Then:

D

Pen (50 ) XY= 3 ((2).G1))

k=0
dP
HP<D (d]P’o )

r+ D
< + .
T
Proof. Note that the density ratio is invariant to X conditioned on Z so we can Hermite expand
directly in Z:

and

dpP
dPg

which implies that the Hermite coefficients of -2 m in Z are given by (. For the second equality, we

have by Lemma
r+k— r+D
ZEIICk I < Z( D=7

HP<D<d]P’0>

E Proofs of Section

Eo[hku XY\Y] E [m(2)]Y] = Gu(v)

Proof of Proposition[d] We write y = o(z) to denote the deterministic link functions above.

1. Let S = {z € R";0(z) = +1}. Letk < r and consider E[hy(2)|z € S] = 2E[hx(2)1(z €
S)]. Any coordinate of this tensor corresponds to a multivariate Hermite polynomial
hs, (21) ... hg, (2r), with B + - - - + B, = k. Since k < r, there must exist a coordinate
Jj s.t. B; = 0. By noting thatE 1z e S)=1and E,_ [hg,(21)...hg (2)] = 0, we
conclude that E[hy(2)1(z € S)] = 0 whenever k < r, and analogously for R” \ S. Finally,
we easily verify that E[o(z)z122 . .. 2] > 0, which shows that I* = r and hence k* = r.

2. This follows directly from k* < [*.

3. Define K as the intersection of the half-spaces, determined by normals v, ..., vs. From
the assumption that P is a r-dimensional multi-index model, V' = [v; ... vy,] has rank 7.
Any unit norm vector v € span(V) thus satisfies max; |v; - u| > € > 0 for some ¢ > 0.
Let Xx = E[z2" |z € K] — E[z]z € K| E[2]|z € K] be the covariance conditional on K.
From [Klivans et al.,2024a, Lemma B1], [Vempala, 2010, Lemma 4.7], for any u as above
it holds that ' ¥ jcu < 1, which implies that span(A;) U span(Ag) = R".

4. The argument appears already in (Chen and Meka [2020], but we reproduce it here in our
language for completeness.

We will use induction over the leaps. Suppose first S = (), and consider the level sets
By ={z;|y| > A}. Since y = o(2) is continuous and lim, _,, |o(rz)| = oo for any z, for
any R > 0 there exists A such that B does not contain the ball centered at 0 of radius R.
Thus

T(E[ZZ"|Z € B))) = E[|Z|?|Z € B)] > R?,
so if R > r we must have E[hy(Z)|Z € B,] # 0, and hence Ay # 0.
Let us now iterate over leaps. Let .S be the span of As. We now consider the sets

Byy,s = {Zsilyl = A |lzsl < n} € 5+

By now viewing o(z) = o(Zg, zs) as a polynomial in Zg, we again argue that for any
R > 0 there exists A such that B}, ,, ¢ does not contain a ball of radius R, and therefore we
can identify another direction using the previous argument. Iterating this procedure until S
spans the whole R” shows that £* < 2.
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Proof of Proposition5] Suppose towards contradiction that £* > 2. Then for any g € L%y we have
Elg(o(z))H2(z)] = 0. Applying the coarea formula we obtain

_ Ho(@)1(2) v
0= /g(y) </U_1(y) ||VO'(Z)|| dH ( )) dya (20)

where H* is the k-dimensional Hausdorff measure. Since this must be true for any measurable g, we
conclude that

. Ha(2)v(2) 1001
L(y) ._/g oy TS0 2R a1 z) =0 P, —ae. Q1)

We write 0(2) = Y. per (V2 + br) - 1(z € R), where R are the different linear regions.

Caser = 1: Suppose first that there exists § and € > 0 such that the level sets o~ (u) contain no
critical points for u € (§ — €, § + €). The level sets o~ *(u) are discrete, and we claim that we can
represent them as

oM (u) = {t; + 0i(u —9)} , where o~ (g) = {t:}iez
and 0; = 1/0’(t;) # 0 have alternating sign. We thus have, for u € (§ — ¢, 5 + ¢€),
=D 10ilha(ts +0:(u = §)y(ti + 0i(u— 7)) - (22)
€T

Let us integrate this quantity twice now. Using the fact that (hy_17y)" = —hg7y, we have

L(u) := /u L(v)dv (23)
:—Zs1gn Y1 (ti + 0;(u —9)y(t; + 0:;(u—7)) + C, (24)
i€T

L(u) :== / ’ L(v)dv (25)
—Zselgn )0, vt 4+ 0;(u — 7)) + Clu— G +¢€) + C (26)

i€T
=Y 10Tyt + 0 (u—9) + Clu—g+e) +C. 27)

i€T

From L(u) = 0 a.e. on (7 % €) we have L(u) = 0 for all u € (7 =+ ¢), leading to
S0yt 4 0i(u—5) = —-Clu—g+e) = C, Yue (j+e). (28)
€T

Since all terms are analytic, we must have this equality for all u, which implies C' = C = 0, but this
is a contradiction, since the LHS is a sum of positive terms.

Case r > 1 We can represent a piece-wise linear continuous function in terms of a simplex
triangulation, and the values of the function at its vertices. Consider M = sup,{o(z)} the maximum
of o, attained at a discrete set of global maxima. Now, let us start decreasing the level set until we
reach another vertex, to say M’. We will study the family of level sets o~ (y) for y € [M’, M]. We
reparametrize y as y = M + u(M' — M), so this family can now be indexed with u € [0, 1].

For € S""'andt € R, let E(0,t) := {2;0" z = t} denote a hyperplane normal to 6 and passing at
distance ¢ to the origin. We can then write

07 (1) = Uper Sr(u) ,

where Sg(u) = E(vr/||vrl, |[vr|u + br) N R, and where R is the subset of linear regions crossed
by these level sets. Note that by construction this family R does not depend on .
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For u € (¢,1 — ¢), and for each R € R, we have the following representation of the level set regions:
Sp(u)={2=2zr+u(z —zr);z € Sp(1)}. (29)

Here, xp denotes a local maximum of o, which is also a vertex of the corresponding simplex region
R. Consider now £(u) := Tr{L(u)}. By introducing the local change of variables Z = U, (z) :=
xR + u(z — xg) for each region, we have

=Y tr [ (P - s (30)

RER Sr(u)
=u" 203/ (lzr +u(z — 2r)|* —r) v(zr + u(z — 2R))dz, 31)
Sr(1)
where O = ||V (z)|| 7! for 2 € R. Observe that £ is analytic in R, since it is a linear combination

of products of analytic functions. By assumption we have that £(u) = 0 for v € (0, 1), which
implies that £ should vanish everywhere. But for « sufficiently large, observe that £(u) is a sum of
strictly positive terms, which is a contradiction.

Proof of Proposition[6] Let 0(z) = 3_; ajp(z;). By definition, we have that (i) for any 7 : R — R
and any polynomial ¢ of degree < k*(p ), [T(p(zj))q(zj)] = 0, and (ii) there exist a transformation
((y) such that E[C(p(2;)) I+ () (25)] #

Let us first show that k* > k*(p). Suppose towards contradiction that we had a measurable U
and multi-indices (51, . .., 8,) with | 5] < k*(p) such that E[i/(c(z))Hg(z)] # 0. Then, denoting
Hpg(z) = Hpg_,(2—;)hg,(2j), we have

E., [E._, U(o(2))Hp_,(2-5)) hs, ()] #0 (32)

E. |E., a;y; + Za‘_] p(z1) Hg_, (2—5) he, (z)| #0 (33)
J'#3

E., [Ti(wi)hs, ()] #0, (34)

where we defined the label transformation 7;(y) := E, {U(ajy + D s ajzp(zj/)} . We have thus

reached a contradiction. Observe that the same argument also applies if one replaces o(z) by
a(z) = F(p(21),-..,p(2.)) for arbitrary F.

Let us now show k* < k*(p). By definition, we have that p € L?(y). Assume first that p(2) is
subexponential, and assume w.l.0.g that a; = as - -+ = a,, = 1. By picking 8 = 1 = (k*,0,...,0),
we need to find a measurable function ¢/ such that

/Z/{ a1y+ Z aj/p ZJ/,1 d’)/r 1( ) >6>0. 35)

j'>1

Assume first that the law of p(z) admits a density wrt Lebesgue, denoted by p,(t). By denoting
W =a;* > jr>1a57p(z7—1) and g(t) its density, we can rewrite the above problem as finding U
such that

(¢ Uxq)p,| >8>0 (36)
for some § > 0 We write
(CU*q)p, = (C-py, U * @) 2(w)
= (C* Py U 1oy (37)
where fdenotes the Fourier transform, and where the last equality used the Parseval identity. Since

a; = ag--- = a, = 1, then ¢ = ﬁ;_l. Since p(z) is subexponential, then its characteristic
function p, is entire, which means that it cannot vanish on a set having accumulation points. Let
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Z = {w;py(w) = 0} be the set of zeros, which has measure zero. Moreover, we have that § is
uniformly continuous, since it is the Fourier transform of an integrable functions. For n > 0, we
define Z,, = {w;Jwo € Z; |w — wo| < n} U {w;|w| > n~'} the ‘thickened’ zero set union with the
set of high-frequencies. Since ¢ is uniformly continuous, for each 77 > 0 there exists € > 0 such that
inf, ¢z, |G(w)| > e. We can thus define

U, (@) = 1(w ¢ z,,)(cg(i))w .

For each 7 > 0, we have U, (w)| < e*|( * p)(w)| and hence U, € L*(R). We have

Cxpoplly 0 ) = /Z (% 7)) ()" (w)dw + / Cx ) @ @3 (@)dw  (38)

c
n

= [ @)@, (39)

Now, since f, is entire, in particular ¢  p, is continuous, so Iy 1(C Py)(W)2dw — 1€ * pyll? =
n

1< - /py||,2;.u > 0 as n — 0, which implies that by choosing 7 small enough, the label transformation
U, satisfies (36).

This shows that [Az+]s, # 0. Applying the same reasoning to z;, j € [r] thus shows that [Ay+]s, # 0.
On the other hand, if we consider 8 with |3| = k* but § not of the form 5 = (0, .., k*,0,...,0),
applying again (32) shows that [Az+]g = 0, ie Ay is diagonal. We conclude that span(Ag+) = R”
and thus that k* < k*(p).

We now extend the result to any @ € R” such that a; # 0 for all j. The only difference is that now
q(w) = [1j—y 7-P(5*w). The zeros of g are still a discrete set, of size at most r times the original
J J

set; and thus we obtain the same conclusion.

If the law of p(z) does not admit a density, we use an approximation of unity: for small ¢ > 0,
consider the noisy neuron §|z = p(z) + &¢, with £ ~ N(0, 1) independent of z. Now p; admits a
density p. for any € > 0. Note that the additive noise model carries over to the shallow NN : indeed,
now we have §|z = o(z) + ¢||a||2§, with & ~ N (0, 1). From [Damian et al., 2024a, Theorem 5.2]
we have that k*(§) = k*(p). Applying the previous argument shows that the corresponding noisy
shallow NN has £* < k*(p). But since adding noise to the label cannot reduce the leap generative
exponent, we conclude that the same must be true for the original shallow NN.

Finally, if p(z) is not subexponential, it must be unbounded (with p continuous). Then we know
that either k*(p) = 1 or k*(p) = 2. Suppose the latter. Since we are assuming in this case
that p is continuous, the level sets By = {z;|o(z)| > A} have the following property: for any
R > 1, there exists A such that B, does not contain the L, ball centered at 0 of radius R. Since
aj # 0 and k*(p) > 1, the covariance ¥\ = E[z22 |z € B,] is diagonal, ie ¥) = diag(C)), with
max(Cy); > R. This means that at least one of the z; will be in span of A,. Since conditioning
on this z; enables to remove the associated neuron, we can now iterate the argument to detect all
coordinates with leaps of generative exponent at most two. The argument for k*(p) = 1 is analogous.

Lemma 16 (Truncated and Fourier Label Transformations, [Damian et al.,[2024a, Theorem 5.2]).
Let P € P(R x R) with P, = v and let k* = k*(P). Then there exists Ry, &, €0 > 0 and §y > 0,

and label transformations Tg, 72 of the form Tr(y) = g(y)1y<r and 72(7/) = ¢'Y such that
Ep [To(Y)hi- (2)]| > 6o, and ’Ep [ﬁ(Y)hk*(Z)” > 8
for R > Ry and € — & < €.

Proof of Proposition[7] By Proposition[6] we can reduce ourselves to the univariate case. We first
verify that, given o : R — R, there exists ¢ > 0 such that if

lo =5l <e (40)
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then k*(5) < k* (o) = k*.

From Lemma (16} we can use a sinusoid label transformation ¢(y) = cos(£y) for £ that depends on o
such that E[¢(o(2))hg« (2)] = C # 0.

It suffices to verify that E[¢(c(2))hg«(2)] # 0. Let a(z) = o(z) — &(2). Indeed, since ¢ is
&-Lipschitz, we have

Yz, 6(5(2) = ¢(0(2)) +alz) . 41
with |a(z)| < €]a(2)|. Thus

IE[¢(5(2)) i+ (2)] — E[p(0(2)) hiex (2)]] = [E[a(2) by (2)]] (42)

< llallz < &lllalllz = &llo —all2, (43)

soif e < C'/€ we have k*(6) < k*(o).

Finally, using a standard universal approximation theorem, e.g using the integral representation
o(z) = / cp(az +b)dv(a,b,c) = Eq ey lcp(az + b)) (44)
R3

for v € P(R?), we can obtain & satisfying by doing a Monte-Carlo approximation.
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